We compute the on-shell wave function renormalization constant to four-loop order in QCD and present numerical results for all coefficients of the SU(N c ) colour factors. We extract the four-loop HQET anomalous dimension of the heavy quark field and also discuss the application of our result to QED.
Introduction
Heavy quarks play an important role in modern particle physics, in particular in the context of Quantum Chromodynamics (QCD). This concerns both virtual effects, the production of massive quarks at collider experiments and the study of bound state effects of heavy quark-anti-quark pairs.
Processes which involve heavy quarks require the renormalization constants for the heavy quark mass and, when they appear as external particles, also for the quark wave function. The mass renormalization constant in the on-shell scheme, Z OS m , has been computed to four-loop order in Refs. [1, 2] . In this work we compute the wave function renormalization constant in the on-shell scheme, Z OS 2 , to the same order in perturbation theory. Z
OS 2
is needed for all processes involving external heavy quarks to obtain properly normalized Green's functions as dictated by the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula. Currently there is no immediate application for the four-loop term of Z OS 2 . However, it is an important building block for future applications. For example, it enters all processes which involve the massive four-loop form factor. Z and Z OS m can be extracted from the quark propagator by demanding that the quark two-point function has a zero at the position of the on-shell mass and that the residue of the propagator is −i. In the following we briefly sketch the derivation of the relations between the heavy quark self energy and Z 
where the renormalization constants are defined as
ψ is the quark field with mass m, M is the on-shell mass and bare quantities are denoted by a superscript 0. Σ denotes the quark self energy which is conveniently decomposed as Σ(q, m) = m Σ 1 (q 2 , m) + (q / − m) Σ 2 (q 2 , m) .
In the limit q 2 → M 2 we require S F (q)
The calculation outlined in Ref. [3] for the evaluation of Z OS m and Z OS 2 reduces all occurring Feynman diagrams to the evaluation of on-shell integrals at the bare mass scale. In particular, it avoids the introduction of explicit counterterm diagrams. We find it more convenient to follow the more direct approach described in Refs. [4, 5] , which requires the calculation of diagrams with mass counterterm insertion.
Following Refs. [3] [4] [5] [6] we expand Σ around q 2 = M 2 and obtain
Inserting Eq. (5) into Eq. (1) and comparing to Eq. (4) leads to the following formulae for the renormalization constants
Thus, Z OS m is obtained from Σ 1 for q 2 = M 2 . To calculate Z OS 2 , one has to compute the first derivative of the self-energy diagrams. The mass renormalization is taken into account iteratively by calculating lower-loop diagrams with zero-momentum insertions.
It is convenient to introduce q = Q(1 + t) with Q 2 = M 2 and re-write the self energy as
Let us now consider the quantity Tr{ Q / +M 4M 2 Σ} and expand it to first order in t which leads to
The comparison to Eq. (6) shows that the leading term provides Z OS m and the coefficient of the linear term in t leads to Z OS 2 .
In the next Section we present results for Z OS 2 up to four loops and in Section 3 we discuss consistency checks which are obtained from matching full QCD to Heavy Quark Effective Theory (HQET). Section 4 contains a brief summary and our conclusions.
Results for Z

OS 2
The wave function renormalization constant is conveniently cast into the form
where the bare strong coupling constant α 0 s has been used for the parametrization. Note that δZ (i) 2 for i ≥ 3 depend on the bare QCD gauge parameter ξ which is introduced in the gluon propagator via
With these choices we can define the coefficients δZ
such that they do not contain log(µ 2 /M 2 ) terms. In fact, they can be combined to the factors (µ 2 /M 2 ) jǫ where j is the loop order (cf. Eq. (9)). The renormalization of α s and (ξ − 1) is multiplicative so that, if required, α 0 s and ξ 0 can be replaced in a straightforward way by their renormalized counterparts using the relations
where
C A = 3 is a SU(3) colour factor and n f is the number of active quarks. The ellipses denote higher order terms in α s . To obtain the ultraviolet-renormalized version of Z
we need Z αs to three loops and Z 3 to one-loop order. Note that in Eq. (9) it is assumed that the heavy quark mass is renormalized on-shell, i.e., all mass renormalization counterterms from lower-order diagrams are included.
For the calculation of the four-loop diagrams we proceeded in the same way as for the calculation of the mass renormalization constant [1, 2] and the muon anomalous magnetic moment [7] and thus refer to [2] for more details. Let us still describe some complications. After a tensor reduction we obtain Feynman integrals from the same hundred families with 14 indices as in [1, 2] . The maximal number of positive indices is eleven. One can describe the complexity of integrals of a given sector (determined by a decomposition of the set of indices into subsets of positive and non-positive indices) by the number |a i − n i |, where the indices n i = 1 or 0 characterize a given sector. What is most crucial for the feasibility of an integration-by-parts (IBP) reduction is the complexity of input integrals in the top sector, i.e. with n i = 1 for i = 1, 2, . . . , 11 and n i = 0 for i = 12, 13, 14. In the present calculation, this number was up to six while in our previous calculation it was five. Therefore, the reduction procedure performed with FIRE [8] [9] [10] coupled with LiteRed [11, 12] and Crusher [13] was essentially more complicated as compared to that of [1, 2] .
As in [1, 2] we revealed additional relations between master integrals of different families using symmetries and applied the code tsort which is part of the latest FIRE version [10] . In most cases, the master integrals were computed numerically with the help of FIESTA [14] [15] [16] . For some master integrals, we used analytic results obtained by a straightforward loop-by-loop integration at general dimension d and also used analytical results obtained for the 13 non-trivial four-loop on-shell master integrals computed in [17] . As it is described in detail in [2] , we also applied Mellin-Barnes representations [18] [19] [20] [21] . In the case of one-fold Mellin-Barnes representations, it is possible to obtain a very high precision (up to 1000 digits) so that analytic results can be recovered using the PSLQ algorithm [22] . Often the two-, three-and higher-fold MB representation provide a better precision than FIESTA. Recently a subset of the master integrals has been calculated either analytically or with high numerical precision, in the context of the anomalous magnetic moment of the electron [23] . However, these results are not available to us.
The more complicated IBP reduction resulted in higher ǫ poles in the coefficients of some of the master integrals, so that the corresponding results are needed to higher powers in ǫ. Depending on the integral, we either straightforwardly evaluated more terms with FIESTA, or obtained more analytical terms, or more numerical terms via Mellin-Barnes integrals.
Let us mention that we compute the self energies on the right-hand side of Eq. (6) for n ≥ 4.
Let us in a first step turn to the one-, two-and three-loop results for Z OS 2 which are available from Refs. [5, 6, 24] . We have added higher order ǫ terms which are necessary to obtain Z OS 2 at four loops. In Appendix B we present results which in particular include the O(ǫ) terms of the three-loop coefficient.
In the following we present results for all 23 SU(N c ) colour structures which occur at four-loop order. It is convenient to decompose δZ
where C F , C A , T, n l and n h are defined after Eq. (24) 13). The numerical uncertainties have been obtained by adding the uncertainties from each individual master integral in quadrature and multiplying the result by a security factor 10. This approach is quite conservative, however, we observed that there are rare cases where the uncertainty from numerical integration is underestimated by several standard deviations. A factor 10 covers all cases which we have experienced (see also discussion in Ref. [2] ). All coefficients which have a non-zero numerical uncertainty are truncated in such a way that two digits of the uncertainty are shown; otherwise we present (at least) five significant digits. Note that the n 3 l and n 2 l terms are known analytically [17] . None of the other coefficients are known analytically to us although for some of them the uncertainty is very small, see, e.g., C F n 2 the uncertainty is larger than the central value and we are not able to decide whether the corresponding coefficient is zero or numerically small. For some colour structures our precision is below a per mille level, in particular for the most non-abelian colour factor C F C 3 A which provides the numerically largest contribution.
There are some coefficients in the pole parts where the numerical uncertainty is larger than the central value. In these cases no definite conclusion can be drawn. Within our (conservative) uncertainty estimate the results are compatible with zero. Still, in these cases we cannot exclude a small non-zero result. Note, however, that in most cases the uncertainty is much smaller than the central value. In particular, all colour structures except those involving d only have a 1/ǫ poles which is consistent with our result.
The coefficients in Tab. 6 representing the linear ξ terms are in general much smaller than for ξ = 0 and the situation is similar as for the pole terms of Tab. 5: We can conclude that the colour structures
the central value is of order 10 −4 and furthermore ten times smaller than the uncertainty. However, a closer look into this contribution shows that non-trivial master integrals are involved which combine to the numerical result given in Tab. 6. Since the master integrals are linear independent and since they are beyond "three-loop complexity" (i.e., they are neither products of lower-loop integrals nor contain simple one-loop insertions) we would expect a non-zero coefficient unless there are accidental cancellations. Note that at threeloop order there are two colour structures which have ξ dependent coefficients:
In Tab. 7, which contains the ξ 2 terms, there are non-zero coefficients for the colour structures
It is interesting to check the cancellations between the bare four-loop expression and the mass counterterm contributions (which are known analytically and can be found in the ancillary file to this paper [25] ). For this reason we show in Tab. 8 the bare four-loop coefficients. The comparison with the corresponding entries in Tab. 5 shows that the coefficients of some of the colour structures suffer from large cancellations which in some cases is even more than two orders of magnitude (see, e.g., the C 3 F n l term). Note that the numerically dominant colour structure C F C 3 A is not affected by mass renormalization. In Ref. [26] the pole of the colour structure
2 has been determined from the requirement that a certain combination of renormalization constants in full QCD and HQET are finite (see also discussion in Section 3 below). Its analytic expression in our notation reads
which has to be compared to our numerical result (0.011 ± 0.064)/ǫ + . . . (see Tab. 5). The result in Eq. (14) agrees with our result within the uncertainty. Note, however, that the absolute value of this contribution is quite small which explains our large relative uncertainty.
It is interesting to insert the numerical values of the colour factors and evaluate δZ
for N c = 3. The obtain the corresponding expression we choose N c = 3 after inserting the master integrals but before combining the uncertainties from the various ǫ expansion coefficients of the colour factors. The results for the various powers of n l are given in Tab. 1. Note that for ξ = 0 (top) all uncertainties are of order 10 −4 . Furthermore, for all powers of n l we observe non-zero coefficients in the poles up to fourth order. For completeness we present in Tab. 1 also results for the ξ 1 and ξ 2 terms. For the linear ξ coefficients we observe non-zero entries only for the n 0 l and the linear-n l term. The coefficients of ξ 2 are only non-zero for the n 0 l contribution. Finally, we discuss the wave function renormalization for QED. It is obtained from the QCD result by adopting the following values for the QCD colour factors specified to QED.
We furthermore set n h = 1 but keep the dependence on n l . Note that n l = 0 corresponds to the case of a massive electron and n l = 1 describes the case of a massive muon and a massless electron. Our results are shown in Tab. 2. For the n l -independent part we have an uncertainty of about 10%, the n 1 l term is determined with a 3% accuracy. The on-shell wave function renormalization constant in QED has to be independent of ξ [5, 27] which is fulfilled in our result as can be seen from the absence of all abelian coefficients in Tabs. 6 and 7; they are analytically zero. Note that the gauge parameter dependence only cancels after adding the mass counterterm contributions.
Checks and HQET wave function renormalization
In this Section we describe several checks of our results. In particular, we discuss the relation to the wave function renormalization constant in HQET.
We start with the discussion of the MS wave function renormalization constant Z MS 2 which has been obtained to five-loop accuracy in Refs. [28, 29] . In these papers also the full ξ-dependence at four loops has been computed which is crucial for our application. By definition it only contains ultraviolet poles. On the other hand, as discussed in the Introduction, Z , which can be seen as follows (see also discussion in Ref. [5] ): The off-shell heavy-quark propagator is infrared finite and contains only ultraviolet divergences, which can be renormalized in the MS scheme, i.e., they are taken care of by Z MS 2 . If one applies an asymptotic expansion [30, 31] around the on-shell limit one obtains two contributions. The first one corresponds to a naive Taylor expansion of on-shell integrals which have to be evaluated in full QCD. It develops both ultraviolet and infrared divergences, as discussed above for the case of Z 
has to be finite (see also discussion in Ref. [32] ). We will use this fact to determine the poles of Z HQET 2
.
HQET describes the limit of QCD where the mass of the heavy quark goes to infinity. The heavy quark field is integrated out from the Lagrange density. Thus, it is not a dynamical degree of freedom any more. As a consequence, HQET contains as parameters the strong coupling constant and gauge parameter defined in the n l -flavour theory, α (n l ) s and ξ (n l ) . all colour structures containing n h are finite after using the decoupling relations for α s and ξ [33] . At two-and three-loop order this check can be performed analytically. At four loops we observe that Z is finite within our numerical precision. Note that this concerns the eleven colour structures in Eq. (13) which are proportional to n h , n 2 h or n 3 h . Let us mention that all coefficients are zero within three standard deviations of the original FIESTA uncertainty which means that in this case a security factor 3 would be sufficient.
The remaining twelve four-loop colour structures are present in Z HQET 2 and the corresponding pole term can be extracted from Eq. (16) . Before presenting the results we remark that Z HQET 2 exponentiates according to [5, 34] 
and thus there are only nine genuinely new colour coefficients at four loops (x 8 , . . . , x 16 ) and the remaining three contributions proportional to C We refrain from providing explicit results for Z HQET 2 but provide our results for x i in the ancillary file to this paper [25] . Furthermore, we present the expressions for the corresponding anomalous dimension, which is given by
Since our four-loop expression for Z HQET 2 is only known numerically, we have spurious ǫ poles in γ HQET . However, all of them are zero within two standard deviations of the uncertainty provided by FIESTA, which constitutes another useful cross check for our calculation.
Let us in the following present our results for γ HQET . Up to three-loop order we have
which agree with Refs. [5, 34] .
The four-loop terms to γ HQET can be found in Tab. 3 where for each colour factor the coefficients of the (ξ (n l ) ) k terms are shown together with their uncertainty. As for Z OS 2 in Section 2 we have introduced a security factor 10. Note that the coefficients of (ξ (n l ) ) k with k ≥ 3 have not been computed. 
HQET . In the columns two to four the coefficients of different powers of ξ (n l ) are given. In the uncertainties a security factor 10 has been introduced.
We have the worst precision of about 50% for the colour factors d 
The expression for γ (4),F F LL HQET agrees with Ref. [35, 36] and γ (4),F LLL HQET can be found in Ref. [37] . γ colour structure analytic results have been obtained [26] . Their result reads
and agrees well with our findings γ to the ones we obtain by an explicit calculation. Tab. 4 contains coefficients of (ξ . The coefficients of (ξ (n l ) ) 0 , (ξ (n l ) ) 1 and (ξ (n l ) ) 2 are given in the rows two to four. For each power of ǫ the first row corresponds to the numerical evaluation of the analytic result and the second row to the numerical result of our explicit calculation of Z OS 2 . Relative uncertainties below 10 −5 are set to zero. Note that the uncertainties in this paper are not multiplied by a security factor 10.
for k = 0, 1 and 2 and for values of n = −4, −3, . . . up to one unit higher than the order up to which the corresponding colour structure has a non-zero contribution. The last ǫ order is shown as a check and demonstrates how well we can reproduce the 0. Note that in this table the displayed uncertainties are not multiplied by a security factor but correspond to the quadratically combined FIESTA uncertainties. In some case the relative uncertainty is very small and thus not shown at all. In all cases shown in Fig. 4 the numerical results agree within 1.5 sigma with the analytic predictions from Eq. (17) . Note the colour factors C 
Conclusions
We have computed four-loop QCD corrections to the wave function renormalization constant of heavy quarks, Z OS 2 . Besides the on-shell quark mass renormalization constant and the leptonic anomalous magnetic moment, which have been considered in Refs. [1, 2] and [7] , respectively, this constitutes a third "classical" application of four-loop on-shell integrals. In the present calculation we could largely profit from the previous calculations. However, we had to deal with a more involved reduction to master integrals. Furthermore, we observed higher ǫ poles in the prefactors of some of the master integrals which forced us to either change the basis or to expand the corresponding master integrals to higher order in ǫ.
is neither gauge parameter independent nor infrared finite which excludes two important checks used for Z OS m and the anomalous magnetic moment. However, a number of cross checks are provided by the relation to the wave function renormalization constant of HQET.
In physical applications Z OS 2 enters, among other quantities, as building block. Most likely in the evaluation of the other pieces numerical methods play an important role as well and thus various numerical pieces have to be combined to arrive at physical cross sections or decay rates. It might be that numerical cancellations take place and thus, to date, it is not clear whether the numerical precision reached for Z OS 2 (which is of the order of 10 −4 for N c = 3) is sufficient for phenomenological applications. However, the results obtained in this paper serve for sure as important cross checks for future more precise or even analytic calculations.
In future, it would, of course, be desireable to obtain analytic results for fundamental quantities like on-shell QCD renormalization constants as Z OS 2 , which is considered in this paper, and Z OS m from Refs. [1, 2] . First steps in this direction have been undertaken in Ref. [23] where a semi-analytic approach has been used to obtain a high-precision result for the anomalous magnetic moment of the electron. One could imagine to extend this anlysis to the QCD-like master integrals. as defined in Eq. (9) up to three loops including higher order terms in ǫ: the n-loop expression contains terms up to order ǫ 4−n . Note that in Eq. (9) the quark mass M is renormalized on-shell but α s is bare. Our results read Table 6 : Same as in Tab. 5 but the coefficients of the linear ξ terms. as defined in Eq. (13) for ξ = 0 and without taking into account the mass counterterms from lower loop orders. A security factor 10 has been applied to the uncertainties.
